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Abstract:  This article will argue that the transition from pre-mathematical to fully mathematical thinking is a crucial problem, both in education and in philosophy of mathematics, and that mathematical discourse is the window through which we can investigate this mysterious process.  Therefore, understanding mathematical discourse is a key concern, both for mathematics education and for philosophy of mathematics.  And for mathematics education, helping our students better master mathematical discourse is a major goal, at all levels, from primary to graduate.   

************************************************************************

What we believe mathematics Is, profoundly influences both what we teach, and how we teach it. As Rene Thom said: “All mathematical pedagogy, even if scarcely coherent, rests on a philosophy of mathematics.” (quoted in  [Ernest 1994].) If we believe mathematics is formalism, we think we must teach proofs. If we believe mathematics is solving problems, we think we must teach applications. If we believe certainty in mathematics comes from logic, we think we must teach deductive thinking.  

The private experience of doing mathematics is surprisingly consistent within the mathematical community. It is like an empirical science; the objects of study have objective properties.  But those objects do not exist as concrete objects!  The tools one uses to examine them are tools of the mind.   How does this objective world of ideas emerge?  Mathematicians may feel no need to understand where this world comes from, or what it really is—it Feels Real, and that’s usually good enough. But if we are to really understand how mathematics is learned, we need to understand this mental state.  What does it mean?  Most important, how is it achieved? 

What is it about mathematical ideas that make them seem objective? When two mathematicians meet and discuss some idea, the end result is often a high agreement about what is true and why it should be true. This is what gives mathematics its objective quality. How is the high level of agreement we find between mathematicians accomplished? If we seek the source of this objectivity outside of ourselves, we are back in the company of Plato. But actual observation of two mathematicians coming to agreement on some mathematical point reveals that the source of their agreement is their shared view of the structures they discuss and the nature of mathematical discourse. (The article by the anthropologist Leslie White makes this point beautifully [White].) Indeed, in 1998 Paul Ernest wrote, "mathematical discourse as a living cultural entity creates the ontology of mathematics."  [Ernest, p. 202]

When a mathematical idea pops out at us with crystal clarity, it seems as if it is really there, and we just happened to stumble upon it. But if we look more carefully, we can see that this object has actually been shaped over time. What started as a pre-mathematical intuition in one person’s mind was transformed by the process of mathematical discourse.  Truly new ideas are subject to intense scrutiny, first in conversations between mathematicians, then by referees, and finally by the mathematical audience at large. Sometimes these initially crystal clear ideas are refined during this process; sometimes they are shown to be ghosts. But in the end, if they are accepted into the canon of mathematical knowledge, they have been subjected to careful scrutiny by other mathematical minds. 

Explicit discussion of the social nature of mathematical work has become more common in the mathematical community in recent times. At one time, single authorship of papers was valued over co-authorship. This has changed; in a hiring committee nowadays, the discussion often centers on who the potential hire could interact with within the department, and long lists of coauthored papers are viewed just as favorably as shorter lists of single-author papers.  (Except perhaps in the case of “superstar” candidates).  Jerrold Grossman wrote, “Interest in Erdős numbers illustrates mathematicians’ curiosity about how we go about doing what we do, and in particular about the social aspects of our profession.” Apparently the social habits of mathematicians even present interesting mathematical problems. Perhaps this trend represents a change in the way that mathematicians view their work—less concerned with the “foundations” of mathematics and more interested in how the structure itself is being built. 

A rare inside report on discourse at the highest level of mathematical research was given by William Thurston [Thurston.]

“One-on-one, people use wide channels of communication that go far beyond formal mathematical language.  They use gestures, they draw pictures and diagrams, they make sound effects and use body language.  Communication is more likely to be two-way, so that people can concentrate on what needs the most attention.  In talks, people are more inhibited and more formal…In papers people are still more formal. Writers translate their ideas into symbols and logic. And readers try to translate back…Mathematics in some sense has a common language:  a language of symbols, technical definitions, computations, and logic.  This language efficiently conveys some, but not all, modes of mathematical thinking.” 

Why do mathematics educators need to understand the social origin of mathematical structures?  Because to enter into conversation with others in the mathematical community, to understand others’ contributions and to make your own contributions, you must share the same mathematical language and notation, and have (approximately) isomorphic mental representations that you can communicate about through standardized mathematical notation and representations.  Mathematicians can do this without recognizing it explicitly, but educators—those people who shepherd others into the mathematical community—must use that knowledge explicitly. So we need to look carefully at how the individual, who experiences the mathematical world in a subjective way, accesses the complex and highly refined network of shared ideas of the mathematical community, and the ways in which they reason about them. 

Mathematical ideas begin as caterpillars 

Mathematics education should be viewed as a problem of reverse engineering—mathematicians can describe what they produce, but to take a person on the street and help him/her develop the expertise to produce the same thing is a completely different problem. The Definition-Theorem-Proof conceptualization of mathematics meets derision in the educational community because it fails as a starting point for mathematical learning. 

A naïve non-mathematician looks into Euclid and observes that axioms come first. First your assumptions, then your conclusions, no? But anyone who has done mathematics knows what comes first—a problem.  As one of us has written earlier, mathematics is a vast network of interconnected problems and solutions. Sometimes a problem is called a “conjecture”. Sometimes the solution is a set of axioms! In developing and understanding a subject, axioms come late. Then in the formal presentation, they come early. 

Even mathematicians sometimes need to be reminded of these facts. If we know a subject deeply, it can be easy to forget that before a student can understand it in a concise, logical ordering, he/she needs to wrestle with examples, problems, dead ends and so forth—if he skips these steps, the tidy, abstract version will not be meaningful. We do want students eventually to find meaning in the formal presentation, but they can only put that meaning together after the appropriate pieces have been properly developed. 

In scientific matters, it usually happens that the deep truths become “self-evident” only for those who have learned them laboriously, or applied them very often, or—even better—who have made or at least reconstructed them by themselves.  [Bunge, p. 26] 

Both theoretical and practicing educators need to understand the natural history of mathematical ideas. The mathematics education literature is full of evidence that young children learn mathematics more easily from concrete experience. “Formal” mathematics requires significant effort to develop meaningfully. On the other hand, at some point it has to become meaningful. Algebraic notation is a prime example of this duality. For many people, using letters as numbers does not seem natural at first. But once symbolic proficiency is reached, algebraic formulas become the most effective way to communicate relationships between numbers. In general, theorems and proofs are meaningful to people who have written them, studied them, and used them for communication. 

The proof, once understood and synthesized, gives us a feeling of self-evidence, to the extent that we often wonder how we could have failed to “see” it before. But the converse is not true: psychological certainty does not warrant logical validity or empirical validation. [Bunge, p 25] 

Mathematical ideas begin as intuitive, pre-systematic ideas, but then become something more.  Moving from number as adjective—five apples—to number as noun—the number Five—is the fundamental example of the development of a mathematical object. The abstract mathematical object is built from exemplars.  At the beginning elementary level, mathematical exemplars are physical objects.  Later on, abstract ideas become concrete, and serve as exemplars for a higher abstract level.  We can say they become “concretized.”  By this we mean familiarized, made manageable, made available to turn around and turn over, to manipulate, to combine with each other—to treat as “objects.”  

And then on top of one layer of  “concretized” abstractions, we build the next layer. 

Ed Dubinsky uses the term “encapsulate” for this transformation.  Anna Sfard uses the term “reify” for one important pattern of “concretizing.”  That pattern is the transition from algorithmic thinking to conceptual thinking.  In learning arithmetic, for example, we first learn to do it—we learn it algorithmically.  Adding or multiplying are processes, they are verbs.  But in order to advance further, we must become able to talk about the process of addition or multiplication.  Only then, for example, is it possible even to formulate rules like the commutative or associative laws.  To accomplish this, the process of adding or multiplying must become an “object,” a noun:  “addition” or “multiplication.”  “Processes” like adding, subtracting, integrating, differentiating, become nouns—they  become mental objects.

It’s noteworthy that here, in the present paragraph, we use the word “reification”.  In so doing, we are—reifying!  Turning a process or activity into an object, making it a noun.  We carry out the process of reifying without naming it, but we can only talk about it after giving it a name, making it a noun.  Maybe this would be classified as “meta-reification”!

Our first mathematical “objects” are built from physical experience. Examples of first-layer concepts are: whole numbers, addition, multiplication, and first experiences with fractions. We build on these ground-level concepts, and move up to the second level—subtraction and division. Division cannot be deeply understood without understanding multiplication as a Structure—an Object if you will, in and of itself. If we take A × B to be A groups of B items each, then multiplication can be viewed as the abstraction of physical exemplars such as “A groups of B oranges”. The exemplars needed to understand division require a new layer of abstraction.  We can represent them in two ways, either as “How many groups of B?” (? × B) or as “A groups with how many in each group?” (A ×  ?).  The distinct roles of the prefactor and the postfactor are abstract mental concepts, and each of these leads to a different “interpretation” of or “model” for division. But these can’t make sense until multiplication itself takes on the mental feel of a concrete object that can be analyzed. 

Formal mathematical ideas begin as pre-formal or pre-mathematical ideas.  This has profound implications for education. If we only recognize the finished idea as mathematical, then we don’t see that a caterpillar is a potential butterfly. On the other hand, if we spend all our time studying caterpillars, then we know nothing about butterflies. One of the cultural divides between mathematics educators and mathematicians is, what stage in the life cycle of a mathematical idea do they focus on? By and large, educators are interested in the formation of the intuitive, pre-formal idea in mathematics learning.  Mathematicians are interested in formal statement and proof--the finished mathematical idea. But then neither one is focusing on the most significant puzzle of mathematical learning: the process of metamorphosis!  We need a theory of change from pre-mathematical to mathematical thinking.  To that end, we would like to propose here that mathematical discourse plays an important role in the transition from intuitive mathematical thinking into critical thinking. 

Metamorphosis of mathematical ideas achieved through mathematical discourse 

Mathematical concepts are shared concepts. How is common understanding achieved?  Through mathematical discourse. What characterizes mathematical discourse?   Repeated refinement of ideas, struggle with meaning, and the continual requirement to justify one’s ideas. Mathematical discourse seeks to broaden, deepen, and clarify the objects and structures of mathematics. It isn’t limited to verbal discussion between two people; it includes reading and writing texts, listening to and giving lectures.  For students, doing problems, and having the teacher, peers or text verify the solutions.  For working mathematicians, looking to peers for confirmation of one’s work. In sum, partaking in mathematical discourse involves grappling with ideas in the web of knowledge that has been developed over time by the mathematical community, and working to align your understanding with that of the community. Out of this process there is then achieved a successive refinement of our language.  Precision in language develops through finding out what characteristics of language are necessary for effective communication. Such refinements are not made in isolation. 

It is through the process of critical discourse, such as portrayed by Lakatos, that precise and widely recognized mathematical ideas develop. It is important to realize that mathematical precision is not “absolutely precise”; there is always room for interpretation. But because of their (relative) precision, mathematical ideas can be shared more widely than natural concepts, and the common understanding of them is better aligned than are concepts in other domains. The surprising agreement among mathematicians (as compared to other disciplines) comes from the social and critical nature of mathematical discourse.  

We quote from What is Mathematics, Really?: “The method of mathematics is ‘conjecture and proof.’ You come to an inherited network of concepts and facts, properties and connections, called a ‘theory’. This presently existing theory is the result of a historic development.  It is the cooperative and competitive work of generations of mathematicians. Starting with the theory as you find it, you fill in gaps, connect to other theories, and spin out enlargements and continuations. [A mathematician] needs to discover a problem connected to the existing mathematical culture. Then she needs reassurance and encouragement as she struggles with it. And in the end when she proposes a solution, she needs agreement or criticism. No matter how isolated and self-sufficient a mathematician may be, the source and verification of his work goes back to the community of mathematicians.”

If that is how mathematicians develop their ideas, how do mathematical ideas develop for the ordinary pupil? If mathematicians find that their ideas are polished by the criticism of other mathematicians, why should other mathematics learners be so different? Consider the experience of Deborah Ball. She wrote this after taking university-level mathematics courses, while she was simultaneously teaching elementary school. 

“The [Number Theory] course was different than anything I had taken up to that point, because for the first time we were being expected to prove claims, not just engage as spectators. I suddenly saw the connections to ways in which my students pursued questions and investigations in [other fields]. I also saw ways in which proof in mathematics was unlike producing conviction in these other subjects. I began to draw my students out a little more. When they noticed patterns, or had tentative ideas, I asked them to explain their reasoning, and to give evidence for their assertions. I asked students to respond to other’s ideas. The more I pulled them into reasoning, the better they seemed to understand the ideas we were working on.” 

Let’s examine the analysis of eighth grade classroom instruction from the TIMMS video study as presented by Stigler and Hiebert. Here the authors summarize the American teaching methodology as “learning terms and practicing procedures.” By contrast, Japanese teaching is characterized as “structured problem solving” (p. 27). Looking more deeply, we see the outline of a “typical” U.S. lesson vs. a “typical” Japanese lesson (pp. 79-80): 

United States Lesson: 

1. Reviewing previous material 

2. Demonstrating how to solve problems for the day 

3. Practicing (usually done individually but sometimes in groups) 

4. Correcting seatwork and assigning homework 

Japanese Lesson: 

1. Reviewing the previous lesson 

2. Presenting the problem of the day 

3. Students working individually or in groups 

4. Discussing solution methods (often the teacher asks one or more students to share what they have found—the teacher often summarizes and elaborates) 

5. Highlighting and summarizing major points 

The Japanese lesson provides an opportunity for the class as a whole to interact with and discuss mathematical ideas.  Such an opportunity is almost completely missing in the American classroom. 

It seems that Japanese teachers believe that students learn best by first struggling to solve mathematical problems, then participating in discussions about how to solve them, and then hearing about the pros and cons of different methods and the relationships between them. [Stigler and Hiebert p. 91] 

A helpful psychological theory of cognitive development was created by the famous Russian psychologist Lev Vygotsky.  Vygotsky sees the learning of scientific concepts as “scaffolded” by instruction and peer support.  He coined the term “zone of proximal development” to talk about those concepts just becoming available to a learner, with the help of more advanced informants.  This notion of the “zone of proximal development” is analogous to reaching a level of “concrete familiarity” with abstract mathematical objects. For example, one cannot acquire a deep and flexible understanding of division without first understanding multiplication as something in and of itself (as opposed to something you do to other things). Thus the zone of proximal development is different for those students who have mastered multiplication in this way and those who have not.  Vygotsky’s ideas are becoming well known among specialists in elementary education.  They still need to be better recognized at the secondary and advanced levels. How they play out in mathematics learning requires details specific to the field of mathematics and the particular nature of mathematical discourse.

To think mathematically, students must learn how to justify their results--to explain why they think they are correct, and to convince their teacher and fellow students. This is the beginning of mastering “mathematical proof.”  A proof is a conclusive argument that a proposed result follows from an accepted theory. ‘Follows’ means the argument convinces qualified, skeptical mathematicians.   In the classroom, the teacher at first would assume the role of the qualified, skeptical mathematician. To play that role, we need mathematics teachers who are qualified mathematicians at the appropriate level of mathematics. They need a big-picture understanding of the mathematics they teach (as in Liping Ma’s analysis of a profound understanding of elementary mathematics in her book Knowing and Teaching Elementary Mathematics). As students mature in their own mathematical sophistication, peers should also play this role. 

In claiming that the transition from pre-mathematical concepts to fully mathematical ones is achieved in part through mathematical discourse, we are actually proposing a research program.  We are proposing to use the methodology of discourse analysis, at various levels of mathematical growth and transformation, to observe and understand this transition.  This work would also be assisted by textual analysis of mathematical documents—especially of informal ones, like e-mail correspondence, or like the recently published letters between Alexandre Grothendieck and Jean-Paul Serre.  Such empirical work would let us document specifically, at various levels from the elementary to the advanced professional, how, through discourse, the transition is made from concrete to abstract, from “acting” (verb) to “action” (noun) (reification!)—from intuitive to rigorous, from informal to formal.

There is of course already a good deal of work on studying mathematical discourse—primarily by educators, for pedagogical purposes.  It usually focuses on children’s acquisition of pre-mathematical concepts—elementary algorithms.  Sometimes this is called “classroom ethnography.” ([Fosnot and Dolk],[Seeger et al], [Lampert and Blunk]) A famous example on a higher level was the seminal work at Berkeley by Uri Treisman.  He used a tape recorder, and employed the assistance of an anthropologist, to understand the different study habits of Black versus Asian freshman calculus students.  This research led to a reorganization of the freshman calculus program, and to a sharp improvement in the students’ success rate. 

The ground-breaking work of Lakoff and Nunez on embodied metaphor as constitutive of mathematical concepts would be relevant here; see also the article on mathematical gesture by Nunez. 

Careful reasoning should be the hallmark even of elementary mathematics.  It should be a pre- mathematical version of  the “Theorem-Proof” discourse that comes later. But we must be careful to flesh out what is meant by careful reasoning.  As Anna Sfard shows us, in discussing the limits of mathematical discourse, the differences in the “meta-discursive” rules between everyday discourse and mathematical discourse require us to develop a well-defined intermediary between the two. And the work of Deborah Ball in analyzing her own teaching of elementary school students shows us that it can be done.  There do exist teachers who can teach, and students who learn mathematics!  Once we understand the discursive interactions in their classrooms, we will be able to use these principles to help students develop the careful thinking and use of language that mathematicians recognize as mathematical thinking. 
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